The spectrum of a CW field whose phase experiences a periodic sawtooth modulation is analyzed.
I. INTRODUCTION
Ultrafast optics is applied in widespread domains including but not limited to highfield laser matter interactions, ultrafast time-resolved spectroscopy, high precision frequency metrology and development of optical clocks, nonlinear microscopy, optical communications, see for example Refs. [1, 2] . Initially, short periodic pulses are generated by high-repitionrate mode-locked lasers. However, in this method the generated pulses and their corresponding spectral lines can suffer from instability problems. Alternative passive systems generating pedestal-free optical pulses with high peak power from a low-power laser employ large variety of methods to compress the pulses. Among them one can mention, for example, acousto-optic modulators (AOM) [3] [4] [5] , frequency chirping followed by dispersive compensators [6] [7] [8] [9] [10] , dispersive modulators [11, 12] , high r.f. power spatial modulation of the field phase by electro-optic modulators (EOM) followed by a lens [13] , and modification of phases and amplitudes of the spectral components of the phase modulated field by the programmable filters to engineer the desired spectrum of the field [14] . Passive systems using phase modulated CW laser offer several advantages. Among them are lower cost and complexity, easy tuning of the frequency comb offset, continuous tunability of the duty cycle, and reasonably stable operation without active control. Phase modulating techniques, mentioned above, are based on the phase manipulation of the spectral components of the frequency comb, which makes phasing of these components. Therefore, duration of the compressed pulses shortens with increase of the value of the phase modulation index, while duty cycle is always equal to the modulation period.
A different method of pulse compression was recently reported in [15] [16] [17] [18] . The capabilities of this method was experimentally demonstrated for gamma photons with long duration of a single-photon wave packet [15, 16] . Splitting of a single-photon long pulse into short pulses can be used to create time-bin qubits, whose concept was introduced before in quantum informatics for optical photons [19, 20] .
The method [15, 16] is also based on frequency modulation of the radiation field. However, in spite of subsequent phasing of the produced spectral components, absorption (removal) of a particular spectral component is used [15] [16] [17] . This removal method has many in common with other methods used before. The method is also flexible and allows fine control of the duration and repetition rate of the pulses. An appreciable shortening of the pulses [16, 17] is achieved for high phase-modulation index as in the previous passive methods of the pulse shaping.
In this paper, new modification of the phase modulation with subsequent removal of the one of the spectral components of the comb is proposed. In this variant, appreciable pulse compression can be achieved for moderate value of the modulation index, which is even smaller than that produced by EOM fed by the half-wave voltage V π .
The core idea of the method is a sawtooth phase modulation in which the phase periodically ramps upward and then sharply drops. Linear phase rise and sharp drop are proposed to construct using additive synthesis of many harmonics of frequency Ω with decreasing amplitudes according to the law 1/n, where n is the number of the harmonic nΩ. The larger the number N of the highest harmonic, which is NΩ, the sharper the phase drop is. This simple model of the phase modulation allows to describe analytically all the details of the pulse shaping based on one spectral component removal in the spectrum of the phase modulated field. Duration of the compressed pulse, predicted by the model, is 2(2N + 1) times shorter than the period T = 2π/Ω of the phase modulation. Understanding of physics of this pulse shaping technique allows to extend the method to the case of nonideal sawtooth phase modulation with periodic nonlinear phase rise and exponential phase drop. The faster the phase drops, the shorter the pulse is produced.
The sawtooth phase modulation technique is also based on the removal of one spectral component of the comb spectrum of the phase modulated field similar to the method of harmonic phase modulation [15] [16] [17] . This filtering is proposed to implement by cloud of cold atoms, atomic vapors, organic molecules doped in a polymer matrix, and liquid crystal phase modulator (LCM). Depending on the value of the modulation frequency and selected frequency filter, one can generate a sequence of pulses ranging from nanoseconds to a fraction of picosecond.
The paper is organized as follows. In Sec. II, a sawtooth phase modulation I, created by mixing many harmonics of the fundamental frequency, is considered. In Sec. III, frequency filtering of the phase modulated field is discussed. In Sec. IV, periodic sawtooth phase modulation, which consists of slowly rising stage according to the law (1 − e −t/T R ) and fast dropping stage according to e −t/T D , and frequency filtering of the phase modulated field are considered. Frequency filtering methods are discussed in Sec. V.
II. SAWTOOTH PHASE MODULATION I
We consider CW radiation field E(t) = E 0 exp(−iω r t + ikz), which after passing through the electro-optic modulator acquires a sawtooth phase modulation
where
Ω and T = 2π/Ω are the modulation frequency and period, n is an integer varying from −∞ to +∞, and θ(x) is the Heaviside step function. This kind of phase modulation is shown in Fig. 1 by dotted blue line.
Physically, it is difficult to make instantaneous phase drop after a linear ramp up. This problem can be solved by using additive synthesis of many harmonics of frequency Ω with decreasing amplitudes. Fourier transforms,
for n = 0 and
ϕ(t)dt = 0 for n = 0, give the frequency content of ϕ(t) for the limited number N of the harmonics, i.e.,
where N defines the highest frequency NΩ of the Fourier content of the synthesized periodic phase evolution. Example of ϕ N (t) with N = 5 is shown in Fig. 1 by red solid line. It is interesting to notice that modulation index of the main spectral component with n = 1 is equal 2, while together with other four components the maximum phase shift is π, which can be produced by the half-wave voltage V π applied to EOM.
allows to find the Fourier content of the field E EO (t) = E(t)e iϕ N (t) transmitted through AOM, which can be expressed as 
III. FREQUENCY FILTERING OF THE PHASE MODULATED FIELD I
If we selectively remove the central component n c of the phase modulated field without change of all other spectral components, we expect that remaining 2N components will phase and rephase with the period T . To explain this point we just consider, for example, the interference of only two nearest spectral pairs of the central components,
and assume that e 0 (N) = e 2 (N) = −e −1 (N) = −e 3 (N) = a, which is the case when N = 50
and a = 0.013. Then, Eq. (7) can be expressed as
This equation shows that when Ωt = 2kπ the amplitude E tp (t) is zero because of destructive interference of the spectral pair e 0 (N), e 2 (N) with the pair e −1 (N), e 3 (N). When Ωt = (2k + 1)π the amplitude E tp (t) is equal to −4aE 0 due to constructive interference of the spectral pairs. Here, k is an integer.
Analysis of the interference of all the pairs of the frequency comb, which is described by Eq. (6) with removed central component n c , is quite complicated. Essential simplification is achieved if one employs the method proposed in Refs. [16, 17] . It suggests to express the filtered comb as
or
Then, the intensity of the filtered field I f (t) = |E f (t)| 2 can be presented as
where I 0 = E 2 0 . According to this expression the evolution of the phase ψ(t) = n c Ωt − ϕ N (t) fully defines the interference of the spectral pairs, mentioned above. Formally, this interference can be considered as an interference of the whole comb, E EO (t), with the removed component whose phase is changed by π, i.e., with the field E sc (t) = −e nc (N)E(t)e incΩt . In the case of atomic or molecular filters, the field E sc (t) has a physical meaning. This field is coherently scattered in forward direction by atoms whose resonant frequency is ω r − Ω [16, 17, 21, 22] . In the case of the programmable filters [14] , the field E sc (t) is virtual.
The scattered field E sc (t) is in phase with the field E EO (t) when ψ(t) = (2k + 1)π, where k is integer. Constructive interference of these fields produces a pulse with intensity Time evolution of the phase difference ψ(t) of the comb E EO (t) and coherently scattered field E sc (t) is shown in Fig. 3(a) for N = 5 and 10. In time intervals (k + 1/2)T < t < (k + 3/2)T , the phase difference ψ(t) is close to 2π(k + 1), which results in destructive interference of the fields. Here k is an integer. On the borders of these time intervals the phase difference ψ(t) jumps from 2π(k + 1) to 2π(k + 2) crossing the value 2π(k + 3/2). At the crossing when ψ(t) = 2π(k + 3/2), the pulse is formed due to constructive interference of the fields, see Fig. 3(b) . The larger the number of harmonics N, the faster phase ψ(t) crosses the value 2π(k + 3/2) and the shorter pulse is formed. The slope of the phase change at the crossing point, which takes place at t k = (k + 3/2)T , is equal to ∂ψ(t)/∂t | t k = (2N + 1)Ω.
Thus, the rate of the crossing point is proportional to the modulation frequency Ω and the number of harmonics N constituting the sawtooth phase modulation.
The phase rise at the crossing point t k can be approximated as a linear function ψ(t) ≈ Fig. 4 that intensity of the pulse drops to its half value I max /2 when t = t −1 ± t half where t half satisfies the relation (2N + 1)Ωt half = π/2. At times t = t −1 − t half and t = t −1 + t half the phase ψ(t) takes the values π/2 and 3π/2, respectively. Intensity of the pulse drops two times at these moments since cos ψ(t) in Eq. (11) is zero. Thus, the width of the pulse can be estimated as 2t half = T /2(2N + 1), i.e., it is (2N + 1) time shorter than the half of the period T = 2π/Ω of the phase modulation. Taking into account that e nc (N) is slightly smaller than one, we numerically found that t half satisfies slightly different relation, which is (2N + 1)Ωt half = π/1.923. It does not deviate significantly from our rough estimation.
IV. SAWTOOTH PHASE MODULATION II
The sawtooth phase modulation can be also realized by EOM fed by a sawtooth voltage, which is produced by relaxation oscillators. In this type of oscillator the energy storage capacitor is charged slowly but discharged rapidly by a short circuit through the switching device. Then, the ramp vltage can be described by equation where U 0 is a maximum voltage, T R is a rise time, and U min is an initial voltage, from which the ramp starts. The voltage drop is described by
where U max is a voltage when the discharge starts and T D is a drop time.
A periodic phase modulation, produced by such a sawtooth voltage, can be expressed as follows
Here, for simplicity, it is assumed that the rise and drop time periods are equal to T R and T D , respectively, and time independent part of the phase is disregarded resulting in the condition φ(0) = 0. The maximum value of the phase φ(t) at t = T R is taken equal to 2π, which gives C = 2π/ 1 − e −t/T R . The period of this sawtooth-phase modulation is T = T R + T D . Time evolution of the phase ϕ RO (t) is shown in Fig. 5 .
allows to find the Fourier content of the field E RO (t) = E(t)e iϕ RO (t) , which is
where Ω = 2π/T .
Following the derivation method presented in Sec. III, one can obtain that removing of the frequency component ω r − Ω, whose amplitude is c 1 E 0 , modifies the phase modulated field as
whose intensity is where
Here a 1 and ξ 1 are the modulus and argument (phase) of the complex number c 1 , i.e.
Example of the formation of pulses is shown in Fig. 6 (a) by blue dotted line for the case when the phase drop is ten times faster than the phase rise, i.e., for T D = T R /10. In this case a 1 = 0.892 and ξ 1 = 0.808 ≈ π/3.9. Absolute value a 1 of c 1 is close to unity. Therefore the peak pulse intensity is 3.58 (almost four) times larger than the intensity of the CW field I 0 .
Evolution of the phase ψ RO (t), which governs the interference of the incident field, E EO (t), with scattered field, E sc (t) = −c 1 E(t)e iΩt , is shown in Fig. 6(a) by red solid line. Each time when ψ RO (t) crosses the value (2k + 1)π, the pulse is formed.
Zoom in on the area of the pulse formation around t = T is shown in Fig. 6(b) . Numerical analysis gives an estimation of the pulse duration t p (full width at half maximum), which is 0.041T R for T D = T R /10. Thus, during a short time of the phase drop T D , the pulse is mainly formed within the time interval 0.41T D , which is slightly less than a half of T D . 
V. FREQUENCY FILTERING METHODS
Removal of the selected spectral component of the frequency comb, created by the sawtooth phase modulation I and II, can be implemented by resonant filters with a single absorption line L(ω − ω f ) centered at frequency ω f . The width of this line, Γ, is to be much smaller than the distance Ω between the frequency components of the comb, i.e. Γ ≪ Ω.
If the line is homogeneously broadened, then optically thick absorber filters out the selected frequency component E s (t) = E s e −iωst+ikr diminishing its amplitude as follows, see
Refs. [17, 23] ,
is the Lorentzian profile describing the absorption and dispersion in the filter of physical thickness l and Beer's law absorption coefficient α B . Here, Γ is a width at half-maximum of the Lorentzian absorption line of a single particle in the absorber. In exact resonance However, there is a limit set to the optical thickness of the filter by the condition that the spectral components ω s ± Ω neighboring the selected component ω s must be unaffected.
This condition is satisfied, if d ≪ 4Ω/Γ, see Ref. [17] . The amplitudes of the neighboring components, E s±1 , are changed according to the equation
If Ω ≫ Γ, this change is mainly caused by the phase factor exp(±idΓ/4Ω) since − removal/filtering, is modified as
In a similar way, Eq. (20) in Sec. IV is modified in the case of the resonant filter.
If absorption line in the filter is Doppler broadened, then the function L(ω − ω f ) in Eq.
(25) is replaced by As a selective filter one can use organic molecules doped in polymer matrix. It is experimentally possible to burn a broad spectral hole in their spectrum with a sharp absorption peak sitting at its center. Such a structure is persistent at liquid helium temperature. The frequency resolution of the persistent spectral hole burning is limited by the width of the homogeneous zero-phonon line of the chromophore molecules, which typically has a width of 10 −2 − 10 −4 cm −1 or less [28, 29] . The holes could be burned in a planar waveguide geometry where a thin polymer film with doped molecules is superimposed as a cover layer on a planar glass waveguide [30, 31] . Then, illumination in the transverse direction with low absorption creates a hole, while weak probing field propagates in a longitudinal wave guiding direction with high absorption. For example, such a waveguide with a spectral hole acting as subgigahertz narrow-band filter was proposed to observe slow light phenomenon in Refs. [32, 33] .
VI. CONCLUSION
Pulse shaping by the spectral line pulse shaper is capable to produce short pulses from the CW phase modulated field. Harmonic phase modulation with a single frequency produces pulses or bunches of pulses with the duty factor equal to the modulation period. Duration of the pulses shortens with increase of the phase modulation index. Liquid crystal phase modulator (LCM) can produce pulses whose duration is an order of magnitude shorter than the modulation period if ∼ 10 spectral components with noticeable amplitudes are phased by LCM. Removal of the selected spectral component is also capable to produce pulses of comparable duration. However, as the LCM method, it produces such a short pulses if modulation index is larger than π. Moreover, with increase of the modulation index the contrast between the pedestal and pulse maximum decreases in the removal method.
Pulse shaping by the removal of the selected spectral component of the CW sawtooth phase modulated field works with the fixed modulation index of moderate value. Short pulses are generated during fast dropping of the phase. The faster this drop is, the shorter the pulse is formed. Its duration can made an order or two orders of magnitude shorter than the phase modulation period. The contrast between the pedestal and the pulse maximum increases with increase of the rate of the phase drop.
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